Let T(n, ) be the set of all trees on n vertices with a given maximum degree . In this paper, we determine the tree with maximum Laplacian spectral radius among T(n, ).
Introduction

Let G = (V (G), E(G)) be a simple undirected graph on n vertices. For any vertex v ∈ V (G), the degree of v, written by d G (v) or d(v), is the number of edges incident with v. Let A(G) be the adjacency matrix of G and D(G) be the diagonal matrix of vertex degrees. Then the Laplacian matrix of G is L(G) = D(G) − A(G). Since L(G) is a real symmetric matrix, its eigenvalues are real numbers. We denote by μ(G) the largest eigenvalue of L(G), and call it Laplacian spectral radius of G.
There are many literatures on Laplacian spectral radius of trees (see, e.g. [3, 5, 8, 13] ) and special classes of trees (say, trees with some prescribed invariants). Hong and Zhang [6] determined the tree with maximum Laplacian spectral radius among trees with given number of pendant edges. Guo [2] determined the tree with maximum Laplacian spectral radius among trees with given edge independence number. Guo [4] determined the tree with maximum Laplacian spectral radius among trees with given diameter.
Let T(n, ) be the set of all trees on n vertices with a given maximum degree . Stevanović [12] and Rojo [10] gave the upper bounds of Laplacian spectral radius for the trees among T(n, ), but did not give the tree with maximum Laplacian spectral radius among T(n, ). In [11] , Simić and Tošić identified the tree with maximum spectral radius (the largest eigenvalue of the adjacency matrix) among T(n, ). Inspired by them, we show that μ(T ) is nondecreasing under some transformations of trees and then use it to determine the tree with maximum Laplacian spectral radius among T(n, ).
In order to state our results, we introduce some notation and terminology. Other undefined notation may refer to [1] . Let G be a graph. For any vertex v ∈ V (G), we denote N G (v) = {u|uv ∈ E(G)}. If vertices u and v are connected in G, the distance between u and v in G, denoted by d G (u, v) or d (u, v) , is the length of a shortest path from u to v in G. We denote by P n the path on n vertices.
Basic tools
Lemma 2.1 [7] . In order to determine the tree with maximum Laplacian spectral radius among T(n, ), we consider changes of Laplacian spectra radius of trees resulting from the following two transformations.
(i) Let e = rs be an edge of a tree T and t be a vertex non-adjacent to r. A rotation (around r) consists of the deletion of the edge e followed by the addition of the edge e = rt.
(ii) Let e = st, f = uv be two edges of a tree T , and assume that vertices s and v, and t and u are non-adjacent. The local switching (with respect to e and f ) consists of the deletion of edges e and f , followed by the addition of edges e = sv and f = tu. It is easy to see that local switching preserves degrees.
By Lemma 2.1, for any tree T , its Laplacian spectral radius μ(T ) is equal to the largest eigenvalue of Q(T ) = D(T ) + A(T ). Since Q(T ) is a nonnegative irreducible positive semidefinite symmetric matrix, there is a positive eigenvector X belong to μ(T ). In the following proof, if v is a vertex of T , then x v denotes the element of X corresponding to v.
Theorem 2.1. Let T be a tree and X be the eigenvector of Q(T ) corresponding to μ(T ). Then the following holds:
(1) [6] 
Note that X is a positive vector, i.e., x i > 0 (1 i n).
(1) If x t x s and T is the tree obtained from T by the rotation defined in (i), then
. Thus μ(T ) μ(T ) and, by Lemma 2.2, the equality holds if and only if δ = 0 and Q(T )X
Note that X is also the eigenvector of
Thus μ(T )x s < μ(T )x s , and then μ(T ) < μ(T ), a contradiction. Therefore, μ(T ) > μ(T ).
(2) If (x s − x u )(x v − x t ) 0 and T is the tree obtained from T by the local switching defined in (ii), then
Thus μ(T ) μ(T ) and, by Lemma 2.2, the equality holds if and only if δ = 0 and Q(T )X = μ(T )X.
If Q(T )X = μ(T )X, for vertices s, t, u and v, the following equalities hold:
Noting that Q(T )X = μ(T )X and a local switching preserves degrees, we have μ(T ) = μ(T ) if and only if x s = x u and x v = x t . This completes the proof.
Main results
In this part, we consider the structure of the tree with maximum Laplacian spectral radius among T(n, ). Note that there is only one tree P n in T(n, 2). In the following proof, we assume 3. Let T * be a tree from T(n, ) whose Laplacian spectral radius attains the maximum value and X be the eigenvector of Q(T * ) corresponding to μ(T * ). For any v ∈ V (T * ), x v denotes the element of X corresponding to vertex v. We first give some properties of T * .
Let q be the number of the vertices of T * with degree non-equal to 1 or . If we delete the edge rs and add an edge rt, we obtain a tree T ∈ T(n, ). By Theorem 2.1(1), we have μ(T ) > μ(T * ), a contradiction. This completes the proof. If n = 1 + , T * is a star; if 1 + < n 2 , T * is the tree as shown in Fig. 1 by Lemma 3.1. In the following proof, we always assume n > 2 , and then T * has at least two vertices of degree . For each i 1, if we delete edges e i = u i u i+1 and f i = v i v i+1 from T * , and add edges e i = u i v i+1 and f i = v i u i+1 , then we can obtain a new tree T i ∈ T(n, ). Since T * is a tree with maximum Laplacian spectral radius among T(n, ), by Theorem 2.1(2), we have (x u i − x v i )(x v i+1 − x u i+1 ) < 0 or both of these two factors are zero. With this in mind, we have
, by Lemma 3.3 we have x u 1 < x v 1 . From Inequality (3.1), we have x u 2 < x v 2 . And then from inequality (3.2), we have x u 3 < x v 3 , and so on. Since m − l 2, at some step we have x c < x v k for some k, a contradiction. This completes the proof.
For convenience, we call the vertex c in Lemma 3.4 as the center of T * . It is easy to see that the number of the centers of T * is no more than 2. Moreover, if T * has two centers, then they must be two adjacent vertices.
From now on, we always denote by c a center of T * and denote by h the height of T * with respect to c. 
Proof. By the proof of Lemma 3.4 and Lemma 3.3, the first and the last inequality holds immediately. If k = 2, then the result holds. So we assume k > 2. Suppose x u i x u i+1 for some 1 i < k. Since T * is a tree with maximum Laplacian spectral radius among T(n, ), by Theorem 2.1(2), we have ( i+2 . Similarly, we have x u i−2 x u i+3 , and so on. At some step, we have
Then T * has two non-adjacent centers, a contradiction.
If
Since u k is a pendant vertex, by Lemma 3.3, we have x u i+s+1 > x u k , a contradiction. This completes the proof.
Lemma 3.6. If u is a vertex of T * with degree
Proof. Firstly, we claim that there is no non-pendant vertex w such that w ∈ N T * (u) and d(w, c) = d(u, c) + 1. Otherwise, we can take a path which starts from c, passes through u, w and terminates at a pendant vertex r. If we delete the pendant edge incident with r and add an edge ru, then we get a new tree T ∈ T(n, ). By Theorem 2.1(1) and Lemma 3. P (u, c) and Fig. 2. T (3, 4) . u and v to c, respectively. Let u 1 (= u), u 2 , . . . , u h−1 (= c) and  v 1 (= v), v 2 , . . . , v h (= c) be the vertices on P (u, c) and P (v, c) , respectively. Let k be minimum value such that vertex u k is also on P (v, c) . It is easy to see that u k = v k+1 .
P (v, c) the unique paths from
Since From Lemmas 3.1 to 3.6, it follows that T * is a tree in T(n, ) with the following properties:
(1) it is a rooted tree with c as the root; (2) its height with respect to c is equal to h; If h 2, the structure of T * is determined by (1)-(5) up to isomorphism. If h > 2, in order to describe the structure of T * , we need some notations.
Let T be a tree rooted at vertex c of height h. Then 
. . , p h−1 ) is abbreviated to T (h, ). Then we have
where ⊆ denotes the first graph is an induced subgraph of the second one.
Consider T (h − 1, ) and traverse it (starting from its root) in a depth-first search (DFS) manner, i.e., perform a deep probe, creating a path as long as possible, and return to assume a new probe only when no new vertices can be reached from the tip of the path (see, e.g. [9] ). For example, the order of visit of the vertices of T (3, 4) (in Fig. 2 ) by DFS is shown in parentheses. The vertices from the (h − 1)th layer are labeled in the order as they were encountered by the DFS.
where k, j are integers such that k 0 Fig. 3. B(30, 4) . and 0 j < − 1. Denote by B(n, ) the tree obtained from T (h − 1, ) by attaching k stars with − 1 edges to the k vertices on the (h − 1)th layer, and then possibly only one star with j edges to one vertex on the same layer. The vertices of (h − 1)th layer get the star respecting the order they are labeled. It means that the vertices first labeled first get stars. For example, B(30, 4) is the tree shown in Fig. 3 . In the following, we shall show T * ∼ = B(n, ).
Let u be a vertex of T * and u / = c. Denote by T u a subtree hanging at u, i.e., u and all vertices v for which u belongs to the unique path between v and c. We can classify trees T u as follows: 
